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| EXAMPLE 4 Using Cauchy’s Integral Formula for Derivatives

3
3
Evaluate / (Z—JFZ)Q dz, where C is the figure-cight contour shown in Figure
C Z\Z —

5.45.

i Solution Although C is not a simple closed contour, we can think of it as
the union of two simple closed contours €y and C3 as indicated in Figure
5.45. Since the arrows on C; flow clockwise or in the negative direction, the
Q D opposite curve —C has positive orientation. Hence, we write
3 3 3
- /—Z +_3 dz=/ e +?) dz-i-/ e vl +_3 dz
c 2(z—14)? ¢, 2(z —i)? c, 2(z —i)?

Figure 5.45 Contour for Example 4
3
Z+3 z2°+3

N2
=—?£ def 2 —de=—I + I
o z oy & —1)

and we are in a position to use both formulas (1) and (6).
To evaluate I we identify zo = 0, f(z) = (2%+3)/(z—4)?, and f(0) = —3.
By (1) it follows that

2343

I = }f_ol (Z;—ZF dz = 2mi f(0) = 2mi(—3) = —6mi.

To evaluate I, we now identify zo = ¢, n = 1, f(z) = (2% + 3)/z, f'(z) =
(223 —3)/2%, and f'(i) = 3 + 2i. From (6) we obtain
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el el A - |

Finally, we get

3
/ Sy I+ I = 6mi + (—4m + 6mi) = —d + 127,
c
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6.6.4 The Argument Principle and Rouché’s Theorem

ARl BEtalelel (s Unlike the foregoing discussion in which the

focus was on the evaluation of real integrals, we next apply residue theory to
the location of zeros of an analytic function. To get to that topic, we must
first consider two theorems that are important in their own right.

In the first theorem we need to count the number of zeros and poles of a
function f that are located within a simple closed contour C'; in this counting

we include the order or multiplicity of each zero and pole. For example, if

(z—1)(z —9)*(z +1)?
(22 =224 2)%2(z —4)%(2 + 67)7

f(z) = (27)

and C' is taken to be the circle |z| = 2, then inspection of the numerator of f
reveals that the zeros inside C' are z = 1 (a simple zero) and z = —i (a zero of
order or multiplicity 2). Therefore, the number Ny of zeros inside C' is taken
to be Ny = 1+ 2 = 3. Similarly, inspection of the denominator of f shows,
after factoring 22 — 2z + 2, that the poles inside C' are z = 1 —i (pole of order
2), z = 141 (pole of order 2), and z =7 (pole of order 6). The number N, of
poles inside C' is taken to be N, =2+ 2 + 6 = 10.

Theorem 6.20 Argument Principle

Let C' be a simple closed contour lying entirely within a domain D. Sup-

pose f is analytic in D except at a finite number of poles inside C, and
that f(z) # 0 on C. Then

1 fR)
2miJo f(z)
where Ny is the total number of zeros of f inside C' and N, is the total

number of poles of f inside C'. In determining Ny and N, zeros and poles
are counted according to their order or multiplicities.

dz = N() — Np, (28)
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